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ABSTRACT 


A sequence of bounded linear operators te da 
(N = {0,1,2,3...}) on a Banach space X is called an approximation 
process fone oe if rit tie Lie See ora Mie wine 1X PA MprGcess 

AES} is said to be of multiplier type if each ee is defined 

by means of its fourier coefficients in X with respect to a 
biorthogonal system in X ; of convolution type if Tie is based 
on convolution with a sequence of eel cane Te; 

Ber ‘suittablexsubspaces' 81Y i ‘of oor Pwic <being 
Pied awdlth ord imi eit. ) Mandiefunction Gi): Ow onan 0) van 
approximation process trie) Ee on X is said to 

(A) Satisfy a Jackson type inequality of order p(n) 
Gomeik Muvewet ay , it; Gor Yaldtich Soyie; felt ees ee < Ce(n) | |£| ly 
(where C is a constant independent of ne N); 


(B) Satisfy a Bernstein type inequality of order p(n) 


OM PO law. Aa. © Ye, EE ee e.9) <c Y and eae < D(o(n))*11£ | 1, 
n 


for every f ¢« X (where D is a constant independent of n<« N); 
(C) Revesturered with order ‘o@i).] on =X.) with saturation 
Claccem isnt, Lor. Jfise uk 


eGo Ga) OP Maslagies AREY a ait 


re - fll, 
O(o())) SIEi etree wy he. 
For an approximation process ee as in (C) above, the inverse 


problem is the characterization of elements of the classes 


{ereuxer tie fe Ela = O(n(n))} for some n(n) “O such that 
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Given an approximation process te on X satisfying a 
Jackson type inequality on X with respect to its subspace Y with 
Certainvorder p(n) - we obtain, in’this thesis, “a family of 
Banach spaces related to X , on each of which wd is an 
approximation process and satisfies the Jackson type inequality with 
the same order. Similar investigations are also carried out for 
approximation processes satisfying a Bernstein type inequality on X or 
having saturation and inverse theorems on X . 

We considered multiplier type and convolution type 
approximation processes. In the case of multiplier type processes, 
we find it most convenient to consider Banach subspaces of the space 
A‘ of generalized functions constructed by A.H. Zemanian. Here, 
each member of A' has Fourier expansion with respect to an 
orthonormal system. In the case of convolution type processes, we 
consider Banach subspaces of Sth) , the Schwartz space of 
tempered distributions on R” . The member spaces of the resulting 
family, in each case, are either constructed as Sobolev type spaces 
like H eGR.) : He aR) following F. Treves or obtained as 
intermediate spaces constructed by K-method of J. Peetre. 

The above results are applied to various summability 
approximation methods of expansions with respect to various classical 


orthonormal systems such as Hermite, Jacobi, or Laguerre functions. 
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CHAPTER I 


INTRODUCTION 
1A Introduction 
On a Banach space X , a sequence {IF _ } CNe=PO0 lL. 253 oa) 


n° neN 


of bounded linear operators is called an approximation process on X , 
ae rit yor in’ 'X “fLorvall “fre X Weer Given suitable subspaces” Y 
ana “A= of "X ( A» being fixed’ with’ dim’ (A) <*@") ‘and’ a nonnegative 
function —~(n) > 0° on’ N’,’ an approximation process tea Olver s 
said to (A) satisfy a Jackson type inequality of order o(n) 
Sumer wit respect CO Y A. ab for all” me Ye, 

Flbese ied yf scare Gal he 7 Me a. Vl) 


(B) satisfy a Bernstein type inequality of order p(n) 


Oe wlth respect tO. Yo at U ae9) = Ve aad 
neN 


-l 
it ar | (ecto) Me it hence em) ee ET 1,2) 
(C)’ "be saturated with order pi(n) “on X) with saturation 
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For an approximation process ea as in (C) above, the inverse problem 


is the characterization of elements of some classes 
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The problem we tried to solve in this thesis is: For an 
approximation process pet which, for some particular space, 
satisfies (A) Jackson type inequality, or (B) Bernstein type 
inequality, or for that space, has (C) saturation and inverse 
theorems, for what other spaces would the process ts satisfy the 
above [i in.e.e 1:GA)%) (B)rior 6G) 25 

This is partially answered by the results outlined below: 

Both the multiplier type approximation processes on a 
general Banach space x with respect to a biorthogonal system on 
X , and the convolution type approximation processes on a general 
Banach subspace Y of the space of tempered distributions S$'(R") 
were studied. The spaces LP (1) so, 1 Sepl oes Wieaheopen cube 
rectangle in R”) is a particular special example of the spaces X 
or Y above; the resulting family of related Banach spaces, for 
which the above problem was solved, includes Le) equ Ly aie. 
between p and p') ; the Lorentz spaces Les! dhe sos co [Butzer- 
Berensi{i1],opxndS1]. 3 Sobolev. spaces Hees GD x Ha Peel and the 
intermediate spaces lying between them [Treves [1], p. 323] and 
some other spaces of generalized functions. 

Pooled ian of the above results is made to summability 
approximation methods of expansions with respect to various classical 
orthonormal systems such as Hermite, Jacobi or Laguerre functions and 
to Convolution-type approximation methods defined through various 
L, (R") - kernels. 

Notations and definitions of operators and spaces are given 
in Section 1.2. The main results of this thesis are presented in 


Section I.3. Some examples on the Convolution-type approximation 
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processes on subspaces of S'(R") satisfying the hypothesis of Theorem 
I.3.5 are presented in Section 1.4. For more examples on these processes, 
Perey to Gutzer—Nessel [{1]; p. 463] and H.S. Shapiro’[[1i]., pp. 259-265] . 
In Chapter II, we present the proof of the main results of this thesis 
involving multiplier type approximation operators on Banach subspaces of 
A' . In Section II.3 the application of these results is made to 
classical summability methods involving the various classical ortho- 
normal systems mentioned above. In Chapter III, the proof of Theorems 
I.3.4 and 1.3.5 involving Convolution type approximation operators on 
Banach subspaces of Ste) are presented. In Section III.1, under 
Remarks 1 - 4, some examples of Homogeneous Banach Spaces and Abstract 
Homogeneous Banach Spaces are given. For more examples on these 


Spaces, refer to H.S. Shapiro [[1], pp. 200-206]. 
Meee NOtations and betiniterons 


We’ Shall give, inj this section, some of the eal notations 
necessary in the later chapters to describe the main results. The 
ferecrs Me les. Esa denote Danaciispacess -Pla mil) 2. 9) .\scien 
will be the set of positive integers, and [X,Y] denote the space of 


all pounced) linear operators from) x. Vinton Y ,ewith {x,X] >=) [Xx] 


We say X= Y “if X and” Y are equal with equivalent norms; X 6° Y 
iP Xe is continuously, contained in iY alo for) Aye ye. plety chic) 
denote the closure of < dn the topology of Y°. li) 3% oY with 


Hen = Nea (f € X) then X is said to be a normalized subspace 
Gey [Gasliardo |); eeine letter B= denotesttherdifferential 


d 
operator BS 


In Section 1.2.1, we will present the following; 
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(i) Definitions and a brief summary of the properties of 
elements of the spaces A , A' introduced by Zemanian [[1],[2]]; 

(ii) Definitions of the operators u : y° Ge ou0)e ong 
of the spaces X. . Xs involving ie : 

(iii) some sufficient conditions for a sequence of real or 
complex numbers to define multiplier type operators as given in Trebels 
AEs ya 30) 

Definitions and a brief summary of the properties of the Schwartz spaces 
Precio tribuerons: [Schwartz [i], Vol. Thy ps 75] , of the Sobolev spaces 
[Treves [1], p. 323] , of the intermediate spaces [Butzer and Berens 
[1], p. 165], of relative completion [Butzer-Nessel [1], p. 373], and 

of the Abstract Homogeneous Banach Spaces [H.S. Shapiro, p. 201] are 
eivenineoectious’ 1.2.2, 1.2.9, 122.4; 1.2.5 andsl.2 .Ovrespectively. 
T.2.L Zemanian ee Ate, dae 

For approximation processes of multiplier type, it seems 
natural to investigate the problem dominating this thesis for subspaces 
of the generalized function space A' introduced by Zemanian [[1],[2]]. 
Let I * be an open interval) or the real fine oR ~ 
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The space A _ has the following properties: 
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The case when 6 = k , a non-negative integer, is of particular 
interest... By definition (ie 2G uk is a linear operator with discrete 
spectrum with {v3 as its eigenfunctions with Oe as the corresponding 
eigenvalues. It is easy to observe that the operator uk coincides 
with the generalized differential operator obtained by k-times successive 
application of the self-adjoint differential operator Ue treme by lis 2< ke 
In fact, it is the observation of the nature of the differential 
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The operator V operates like''a kind of inverse''to the 
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operator U . The identity relating the operators ue and y° ; 
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will be derived in Chapter II and will be extensively used in the 
PEeOOLeor Lemmas ebiteli-3: sto: Liscbais Chor vy, see page 4). 
The spaces Xe ; Xs related to a Banach subspace X of 


A' are defined as follows: 
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Since ie is a closed operator from Xe into X and X is complete, 
the spaces Xo Xs are Banach spaces. [Butzer-Berens [1], p. 11, 165]. 


Many operators which we may come across in Chapter II are 
from one Banach subspace of A' into another and are defined by means 
of their Fourier coefficients. 

For Banach subspaces X , Y of A', we need the notion of 
the space of such multiplier type operators [Hille & Phillips [1], p. 
544] from X into Y , which we define as follows: ‘An operator 
T ¢ [X,Y] is said to be defined by a sequence of complex numbers 
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Let M(X,Y) be the space of all real sequences ty,3 defining some 
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Some sufficient conditions for a sequence to be a member of 
M(X,Y) have been obtained both by the author and by Butzer and his 


colleagues [W. Trebels [1], p. 30; Butzer-Nessel-Trebels [2], p. 132-133]. 


To describe these results, we need the following definitions: 
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Butzer-Nessel-Trebels [[2], I, pp. 132-133] independently 
obtained the results (1) and (2) of Theorem 1.2.1, with the same 
proof. W. Trebels [[1], Theorem 3.9, p. 30] obtained the following 


more general result, which includes the results of Theorem 1.2.1. 
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For further results on multipliers, refer to Trebels [1]. 


Py292 In Chapter III, we will be considering the problem of 
extending either a Jackson type inequality, Bernstein type inequality 
or some saturation and inverse theorems satisfied by convolution type 
approximation processes on some Banach subspace of Cra EO Other 
related Banach subspaces of SiR) . Some of the usual notations and 


definitions of spaces needed for the above are specified below. 
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respectively. 


We also use the following common notation for distribution 
spaces. [See Schwartz [1]]. The space D is the space of infinitely 
differentiable functions on R” with compact support. The Schwartz 


space S of rapidly decreasing functions is 
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The Schwartz space of slowly increasing functions at infinity is 
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Phesppaces. vers: Cn are the dual spaces or D ,'S) = and 0, 
respectively, with the usual dual topology. 
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[Treves [1], p. 268]. 
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Bpacce)mor ~s onto .S' ay )[Treves [1], p. 269). the Fourier trans- 
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In Chapter III, we will consider a family of Banach subspaces 
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where K,&) (1/2) [(1_. Gx) - I (x))/ Sin) aw) 


$ Gey 


m=0 


T(x) / (mit (vy + m+ 1)) 


are the modified Bessel functions of order y of the third and the 


first kind respectively. For a>0O, G Gx) > oes and 


Ie GG) dx = (any nl? : 


R 
For further properties, see Aronszajn-Smith [[1], p. 413-417], 


Aronszajn-Mulla-Szeptycki [[1], Chapter I, 81] and Calderon[1]. 


The spaces x° ; cee s CO > 0) and) Xo) related to a Banach 
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page 99] denotes the space of Fourier transforms u*, with u e eye and 


normed by Llu? | Lp = Melly, ne th ee e2 88) 
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For further details about Me - spaces, see Htrmander [[1], pp. 100 - 
102]. Similarly, we can define MP as the space of Fourier transforms 
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EE O0C)e is dense in/ X/, lthen Pee Oa BE the iclosure of “D(1) in 


W(X) with the induced norm; and 


Wo"(x) = {f£ ¢ D1) | £ = s Dig, with £, « X, [4| < m) 
|j|<m,jen” J 
normed by 
Felee eiaceGeer | Pee ie iert ace oper. 
W ™ (x) j|<m ae j|<m pat 
en i) ORE US, Sapa Aaara Od Bat Sr G3) 
2 4 Intermediate spaces of K~-interpolation. 


The K-method of interpolation developed by J. Peetre [1] 
in the theory of intermediate spaces and the concept of relative 
completion introduced by Gagliardo [See Aronszajn-Gagliardo [1]] play 
an important role in approximation theory. Definitions and theorems 
of this section can be found in greater detail in the book of Butzer- 


Berens) | (11), 7'33..2 1. 
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(Ojetty khestexey) tase lin 40 = 01/8 <a, 
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it < © 
i 
AA AOS AWE a Ay) ats PANGS Se tone (1.2.46) 
=o 
sup Ba act ep Goan Gd Or eres To qi =) 
O<t<o 
is Linite. 
The spaces (X,Y), : OM< "6's Dt Sg es cand Jor, 
3 
0<6<1, q+ © are Banach spaces under the norm (1.2.46). Furthermore 
Kn ¥ ¢ (X,Y), sigh as ip a ama Tm akin sulin a) deta Ye (i, 2.47) 
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An interpolation pair (X, »X.) in X , is a couple of 
Banach spaces xy and Xx, » continuously contained in a linear Hausdorff 
space X . set (X, »X,) and (Y,5Y>) be two interpolation pairs in 


X and Y respectively. Let I(X,Y) be the space of linear transform- 
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Definition 1.2.4 Let X and Y be two intermediate spaces of x 


and X, » and yy and Y5 respectively, [refer to Butzer-Berens Lys 


De J. We say X and Y, have the imterpolation-property, if) for 


@acie etre 1) (X.Y), T | é {[zx.Y¥].. The spaces =X “and Y “are called 
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I.2.5 Relative Completion 


For an approximation process having saturation theorems on 
a Banach space X , the saturation class is usually given by the 
relative completion of a normalized Banach subspace Y of xX. The 
relative completion of Y with respect to X , denoted by Tou is 
the space 
Sie (ifectkulepetad <a e lta Ge) SaOy yak ee) 
n s n X 4 
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ie.) ADS eract Homogeneous Banach Space 


The concepts of Abstract Homogeneous Banach Space (abbreviated 
as AHBS) on R” and Homogeneous Banach Space (abbreviated as HBS) on 
R” have been found useful as "unifying tools" for considering 
approximation problems on various spaces simultaneously. [For 
history and origin of definition of these spaces, see H.S. Shapiro 
[{[1], p. 200] and the references cited there]. Many families of 
spaces which are to be considered in Chapters II and III involve 
these spaces. Shapiro [[1], p. 201] defines an AHBS on R asa 


Banach Space B together with a group {T 3 of operators in 


eRe 
[B] satisfying the following conditions (H1), (H2) and (H3) : 
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the group of generalized transl 
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t.se.Main Results 


The main results of t 


section. We present the result 
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Lapa want Approximation Results on Banach Subspaces or AS 


For 6 > 0 , we will define F(m,é) , a family of Banach 
subspaces of A' , from each of which we will extend the Jackson or 
Bernstein type inequalities satisfied by multiplier~type approximation 


processes to various other related Banach subspaces of A' 


Definition 1.3.1 Let F(m) be the family of all Banach subspaces 
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Definition 1.3.3 Let 6 >0 and X ec F(m,é) be reflexive. Then 


Y(m,6,X) is the family consisting of the following spaces: 
Y = (any oneror  X> X*"), (X,X*), “ Ors 85 pets 
rod: 
Hess qy ae) ) Y_s ? 
—m 0 —m m,0 
eC) Ween, Cie Gar Cae 
a wee? GEM roe) LNTE ene} 
W (Y_ 5) ~) (Y_») > - Hie 3 =) Ong 


Where eet somata | WOmuic coer lane 


AOL GPx ie Sept sale 


‘ _ 

j ot quad ae 
j - 
at Ma seS ¥. 

- 


4 . ae 4 
want 


\ — 
a j 4 4 =. : 
e 


hemes Ssuire a a ord, scl ipei an ‘re 


| ia 

| ALS | +: a 
ii ee0 ie Ti oo. 4) ee ee 

a. as Via? AT he 

at 7 

| Pp 


eT |. oa eS A yi m>yt 4 tite. & Star Te ee i ees 
a ; eal 
> : ] ; 
peeves ctierll said fe! Pudowey) zi dia ae ea 
“. . r ‘ ° 


e = if ' _ t * . 
a - aa i i 7 rig * 7 : ‘ 
7 eect i) ee ve) » i: eT - * : , (} ii. ' . ie 
| os idee ee) ie es ne Be a 


yy - a AS a t : . . aa ek f 
ar a oyu : oy ' 
ieee “nue yo a 


_ 


pa 


Definition 1.3.4 A space X « Q(m) , if X « F(m) and there exists 
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Having defined these families of subspaces of A"' we state 


‘the main results of this chapter. 
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Theorem, that every approximation process related to a on 
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BEepy (mo oeX) Hor O(meéeX)viwith:  cl(A,Z)n=0Z. 
Let us assume henceforth (throughout this thesis) that 
p(t) is a non-negative function defined on a parameter set 9 with 


t,) as ficedimitnpoint such: thatono (t) >10 «as? ‘tis to P MiGs. Gesu.) 


pmeorem sp l+3.2.\ Let 6 >Ofand 61>10 5%. Suppose’ Mie f(m.8) is 
reflexive (respectively X « Q(m)) and for all te Q, the sequences 
Ye ken « M(X) define Tr ¢ [X]. Then the following statements hold: 


(A) elt forged dian Xen; ae - fe < oe (yl Elly. ‘ 
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In the following theorem, some sufficient conditions for 
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c1(D(I),X) = Xandcl(D(I),Y) =¥ . Let p= % 
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k 
(a) Suppose ||uKpy_|| = CGI an bank keuba 
n 2 n 
le CE) 
Seé P independent of n,k). Then D: A' + A' is a continuous linear 


operator of A' into A' and hence the spaces under consideration 


are subspaces of A' 
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I.3.2 Approximation Results on Banach Subspaces of S'(R") 


First of all, we will define a family of Banach subspaces 
PyoL S'R") » from each of which we would like to extend Jackson 
or Bernstein type inequalities satisfied by convolution type approximation 


: n 
processes, to various other related Banach subspaces of S'(R ) 


Definition 1.3.5 An AHBS B on R- belongs to F if 
Ci) See Ber Sr ew th Ty = a (u € R") the generalized 
translation on R° (see™ E.2..31)/)* 


(2) S is dense in B; 


(3) [leo*Fo| |, < cllell, (hr eaSe Gea constant). 
Remark: In Lemma III.1.2 in Chapter III we will show that, for Be F , 
Pee teealco a member of. f <8iCsee 1.2. 36yfor definitton). Thus. 1, (") ; 


L)7R), ea. 2, Cy (R") ‘ (Cc, (R")) are all members of F . 
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When B is any one of LPR”) ; tess Dra a, 
C,(R") or (C (R))* , we define a family R(m,B) , so that an approximation 
process saturated on B with a certain order will be saturated on each 


member of R(m,B) with the same order. 


Definition 1.3.7 Let R, (aL (R")) be the family consisting of the 
following spaces: 
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I.4 Some Examples on Convolution-type Approximation Processes 


We will cite some examples of functions 


and measures 


pv) 


tu, t in M(R") Satisfying conditions 1.3.5 and 1.3.6 


(1) Fejer-type kernels 


W(v) = constant ee , 


The function 


[1] , p. 102 and Butzer-Nessel [1], P. 


glean in M(R") with 
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CHAPTER II 


APPROXIMATION PROCESSES ON A' 


| Gl ae Ig The proof of the main results of this thesis, related to 

the multiplier-type approximation processes on Banach subspaces of 

meee (theorems 1.3.1, 1.3.2, and 1.3.3) are presented in this chapter. 

Various structural relationships among members of the families 

ecHyost) +, 'O(m,6,x%) ~ Gee Definitions..3 73; 1.3.4) with 6 > 0 

and X « F(m,sé) (see Definition 1.3.2, me P being fixed throughout 

the thesis), are investigated in Section II.1.2. We show that every 

multiplier type operator on X can be extended to a similar operator 

on every member of the families Y(m,6,X) and? O4meosxX)o © “A simple 

characterization of the elements of M(X.,X) is given in Lemma II.1.7. 
The proof of the theorems 1.3.2 and 1.3.3 is given in Section 

II.2, utilizing a result due to H. Berens [1] [see Butzer-Nessel 

fil, peyl02 ies» Applicatdon is-madesingeSectionx]1 Sf of theseiresuits 

to classical summability methods involving various classical orthonormal 


systems like Hermite, Laguerre, Jacobi, Trignometric and Bessel functions. 


dH a Bay We state and prove certain lemmas here which are needed 


in the proof of Theorem 1.3.2. 
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We give the proof of the above Lemma for the general case 


n 
Woen tee R . This case is needed in Chapter III. 


aretove (i) This proof is analogous to that of Prop. 31.3, page 


Beoeeieevess || tt. - Let £ be the number of elements in the set 


{a « P” | | o.| SMe) ete hos de es a WL Eee rlorm 
een WP eeensemnaee 
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a aeP”,|a| <m E |o|<m,aeP™ : 
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Using the definition of M(X,Y) , we would like to give a 
Simple characterization of the elements of M(X,,X) for a Banach 
Subspace =X. of, A’ and ud SO. . 
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subspaces of A' (i.e. Theorems 1.3.2 and 1.3.4). We will show that 

an approximation process on some X ¢« F(m,8) for some 8 > 0 
(respectively X e« Q(m)) [Refer to Definitions I.3.2 and 1.3.4] 
satisfying either (A) Jackson type inequality or (B) Bernstein 

type inequality or (C) having saturation theorems on X with certain 
orcer, satisfies the same’ (i.e: “(A);°(B) or (C)) on each Z © Y(m,6,x) 
(respectively Q(m,8,X)) (Refer to Definitions 1.3.3, 1.3.4) with 

the same order. In this context, we state below a result due to 

H. Berens [1] [For proof, see Butzer-Nessel [1], p. 502] on the 
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II.3 Applications 


In this section, we illustrate our main results of this 
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Here, we cite examples of multiplier type approximation 
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CHAPTER III 


APPROXIMATION PROCESSES ON S'(R") 


In this chapter, we will show that the families F [Definition 
Pelle s won,6,X) with 6 > 0 , (X « f [Definition 1.3.6) : 
cue (Definitions, 11.387 to 1.3.10] with B= rears of 1, (R") ; 
cu)” eee sD, oe C (R") 5 CACm pe of Banach subspaces of 
S'(R") defined in Section I.3.2, have the following properties: 
(1) A convolution type approximation process ere on some XeF , 
satisfying either Jackson or Bernstein type inequality on X with 
a certain order, satisfies the same inequality with the same order on 
every member of B(m,6,X). 
(2) If the above ie is saturated on B with a certain order, 
then ee is saturated on every member of R(m,B) with the same 
order. 

In Section III.1, we will investigate some properties 
of AHBS on R” [Refer to 1.2.6]. For a HBS B= on Re » we will 
show that Bc S'(R”) . We will present sufficient conditions on 
an AHBS B= on R” with Bc Stipa) for the space B* (See 1.2.35) 
to be an AHBS on R” with respect to the generalized translation 
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HER 


Definition I.3.5). We investigate some relevant properties of members 


of F . In Section III.2 proof of Theorems 1.3.4 and’ 1.3.5 are 


presented. 
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then ||f(x) e**||, = el. (£ ¢ B) 
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III.2 Results Related to Convolution Type Processes 
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In this section, we give the proof of Theorems 1.3.4 
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Proof of Theorem 1.3.4: Let Be F and U « 1(B,B) 
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Proor of Theorem 1.3.5 
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Further, we have BE lie < 4,11ET Tg y < ells erie Bi) 
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